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Abstract
By applying the comparison theorem, Lyapunov functional, and almost periodic
functional hull theory of the impulsive diﬀerential equations, this paper gives some
new suﬃcient conditions for the uniform persistence, global asymptotical stability,
and almost periodic solution to a nonautonomous Lotka-Volterra predator-prey
dispersal system with impulsive eﬀects. The main results of this paper extend some
corresponding results obtained in recent years. The method used in this paper
provides a possible method to study the uniform persistence, global asymptotical
stability, and almost periodic solution of the models with impulsive perturbations in
biological populations.
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1 Introduction
Because of the ecological eﬀects of human activities and industry, more andmore habitats
are broken into patches and some of them are polluted. Negative feedback crowding or the
eﬀect of the past life history of the species on its present birth rate are common examples
illustrating the biological meaning of time delays and justifying their use in these systems.
Recently, diﬀusions have been introduced into Lotka-Volterra type systems. The eﬀect of
an environment change in the growth and diﬀusion of a species in a heterogeneous habitat
is a subject of considerable interest in the ecological literature [–].
As was pointed out by Berryman [], the dynamic relationship between predators and
their prey has long been and will continue to be one of the dominant themes in both ecol-
ogy and mathematical ecology due to its universal existence and importance. In recent
years, the predator-prey system has been extensively studied by many scholars, many ex-
cellent results were obtained concerned with the persistent property and positive periodic
solution of the system; see [–] and the references cited therein.
Considering the eﬀect of almost periodically varying environment is an important se-
lective forces on systems in a ﬂuctuating environment, Meng and Chen [] studied
the case of combined eﬀects: dispersion, time delays, almost periodicity of the environ-
ment. Namely, they investigated the following general nonautonomous Lotka-Volterra
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type predator-prey dispersal system:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
x˙(t) = x(t)[r(t) – a(t)x(t) – b(t)x(t – τ(t))
–
∫ 





x˙i(t) = xi(t)[ri(t) – ai(t)xi(t) – bi(t)xi(t – τi(t))
–
∫ 
–σi ki(t, s)xi(t + s) ds] +
∑n
j=Dji(t)[xj(t) – xi(t)], i = , , . . . ,n,
y˙(t) = y(t)[–rn+(t) + f (t)x(t)+α(t)x(t) – an+(t)y(t) – bn+(t)y(t – τn+(t))
–
∫ 
–σn+ kn+(t, s)y(t + s) ds].
(.)
By using the comparison theorem and functional hull theory of almost periodic system,
the authors [] obtained some suﬃcient conditions for the uniform persistence, global
asymptotical stability, and almost periodic solution to system (.).
However, the ecological system is often deeply perturbed by human exploitation activ-
ities such as planting and harvesting and so on, which makes it unsuitable to be consid-
ered continually. To obtain a more accurate description of such systems, we need to con-
sider impulsive diﬀerential equations. In recent years, the impulsive diﬀerential equations
have been intensively investigated (see [–] for more details). To the best of the au-
thors’ knowledge, in the literature, there are fewpapers concerning the permanence, global
asymptotical stability, and almost periodic solution to the Lotka-Volterra type predator-
prey dispersal system with impulsive eﬀects. Therefore, we consider the following Lotka-
Volterra type predator-prey dispersal system with impulsive eﬀects:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
x˙(t) = x(t)[r(t) – a(t)x(t) – b(t)x(t – τ(t))
–
∫ 





x˙i(t) = xi(t)[ri(t) – ai(t)xi(t) – bi(t)xi(t – τi(t))
–
∫ 
–σi ki(t, s)xi(t + s) ds] +
∑n
j=Dji(t)[xj(t) – xi(t)], i = , , . . . ,n,
y˙(t) = y(t)[–rn+(t) + f (t)x(t)+α(t)x(t) – an+(t)y(t) – bn+(t)y(t – τn+(t))
–
∫ 
–σn+ kn+(t, s)y(t + s) ds], t = tk ,
xj(tk) = hjkxj(tk), j = , , . . . ,n,
y(tk) = hn+,ky(tk), k ∈ Z,
(.)
where x and y are population density of prey species x and predator species y in patch
, and xi is density of prey species x in patch i; predator species y is conﬁned to patch ,
while the prey species x can disperse among n patches; Dij(t) is the dispersion rate of the
species from patch j to patch i, the terms bi(t)xi(t–τi(t)) (i = , , . . . ,n), bn+(t)y(t–τn+(t)),∫ 
–σi ki(t, s)xi(t+s) ds (i = , , . . . ,n) and
∫ 
–σn+ kn+(t, s)y(t+s) ds represent the negative feed-
back crowding and the eﬀect of all the past life history of the species on its present birth
rate, respectively; xi(tk) = xi(t+k ) – xi(t–k ), xi(t+k ) and xi(t–k ) represent the right and the left
limit of xi(tk), xi(t–k ) = xi(tk), k ∈ Z, i = , , . . . ,n. Related to a continuous function f , we
use the following notations: f l = infs∈R f (s), f u = sups∈R f (s).
In system (.), we always assume that for all i = , , . . . ,n + , j = , , . . . ,n:
(H) ri(t), ai(t), bi(t), c(t), f (t), α(t) and Dij(t) (Dii(t) = ) are nonnegative and continuous
almost periodic functions for all t ∈R, and ali + bli > .
(H) ki(t, s) are deﬁned on R× (–∞, ] and nonnegative and continuous almost periodic
functions with respect to t ∈R and integrable with respect to s on (–∞, ] such that
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∫ 




i (s) ds <
+∞.
(H) τi(t) is continuous and diﬀerentiable bounded almost periodic functions on R, and
inft∈R{ – τ˙i(t)} > .
(H) The sequences {hik} are almost periodic and hik > –.
(H) The set of sequences {tjk}, tjk = tk+j – tk , k ∈ Z, j ∈ Z is uniformly almost periodic and
θ := infk∈Z tk > .
The main purpose of this paper is to establish some new suﬃcient conditions which
guarantee the uniform persistence, global asymptotical stability, and almost periodic so-
lution of system (.) by using the comparison theorem, the Lyapunov functional, and
almost periodic functional hull theory of the impulsive diﬀerential equations [, ] (see
Theorem ., Theorem ., and Theorem . in Sections -).
The organization of this paper is as follows. In Section , we give some basic deﬁni-
tions and necessary lemmas which will be used in later sections. In Section , by using
the comparison theorem of the impulsive diﬀerential equations, we give the permanence
of system (.). In Section , we study the global asymptotical stability of system (.) by
constructing a suitable Lyapunov functional. In Section , some new suﬃcient conditions
are obtained for the existence, uniqueness, and global asymptotical stability of the positive
almost periodic solution of system (.).
2 Preliminaries
Now, let us state the following deﬁnitions and lemmas, which will be useful in proving our
main result.
Let Rn be the n-dimensional Euclidean space with norm ‖x‖ = ∑ni= |xi|. By I, I =
{{tk} ∈ R : tk < tk+,k ∈ Z, limk→±∞ tk = ±∞}, we denote the set of all sequences that
are unbounded and strictly increasing with distance ρ({t()k }, {t()k }). Let  ⊂ R,  = ∅,
τ := supt∈R{τi(t) : i = , , . . . ,n}, ξ ∈R, introduce the following notations:
PC(ξ) is the space of all functions φ : [ξ – τ , ξ]→  having points of discontinuity at
μ,μ, . . . ∈ [ξ – τ , ξ] of the ﬁrst kind and being left continuous at these points.
For J ⊂ R, PC(J ,R) is the space of all piecewise continuous functions from J to R with
points of discontinuity of the ﬁrst kind tk , at which it is left continuous.
Let φi,ϕ ∈ PC(). Denote by xi(t) = xi(t; ,φi), y(t) = y(t; ,ϕ), xi, y ∈ , i = , , . . . ,n the
solution of system (.) satisfying the initial conditions
≤ xi(s; ,φi) = φi(s) < +∞, s ∈ [–τ , ], xi( + ;,φi) = φi() > ;
≤ y(s; ,ϕ) = ϕ(s) < +∞, s ∈ [–τ , ], y( + ;,ϕ) = ϕ() > .
Remark . The problems of existence, uniqueness, and continuity of the solutions of
impulsive diﬀerential equations have been investigated by many authors. Eﬃcient suﬃ-
cient conditions which guarantee the existence of the solutions of such systems are given
in [, ].
Since the solution of system (.) is a piecewise continuous function with points of dis-
continuity of the ﬁrst kind tk , k ∈ Z we adopt the following deﬁnitions for almost period-
icity.
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LetT ,P ∈ I, s(T∪P) : I→ I be amap such that the set s(T∪P) forms a strictly increasing
sequence and if D⊂R and  > , θ(D) = {t +  : t ∈D}, F(D) =⋂{θ(D) :  > }.
By φ = (ϕ(t),T) we denote the element from the space PC× I, and for every sequence of
real numbers {αn} we let θαnφ denote the sets {ϕ(t –αn),T –αn} ⊂ PC× I, where T –αn =
{tk – αn : k ∈ Z,n = , , . . .}.
Deﬁnition . ([]) The set of sequences {tjk}, tjk = tk+j – tk , k ∈ Z, j ∈ Z, {tk} ∈ I is said
to be uniformly almost periodic if for arbitrary  >  there exists a relatively dense set of
-almost periods common for any sequences.
Deﬁnition . ([]) The function ϕ ∈ PC(R,R) is said to be almost periodic, if the fol-
lowing hold:
() The set of sequences {tjk}, tjk = tk+j – tk , k ∈ Z, j ∈ Z, {tk} ∈ I is uniformly almost
periodic.
() For any  >  there exists a real number δ >  such that if the points t′ and t′′ belong
to one and the same interval of continuity of ϕ(t) and satisfy the inequality
|t′ – t′′| < δ, then |ϕ(t′) – ϕ(t′′)| < .
() For any  >  there exists a relatively dense set T such that if η ∈ T , then
|ϕ(t + η) – ϕ(t)| <  for all t ∈R satisfying the condition |t – tk| > , k ∈ Z.
The elements of T are called -almost periods.
Lemma . ([]) The set of sequences {tjk}, tjk = tk+j – tk , k ∈ Z, j ∈ Z, {tk} ∈ I is uniformly
almost periodic if and only if from each inﬁnite sequence of shifts {tk–αn}, k ∈ Z, n = , , . . . ,
αn ∈R, we can choose a subsequence which is convergent in I.
Deﬁnition . ([]) The sequence φn, φn = (ϕn(t),Tn) ∈ PC × I is uniformly convergent
to φ, φ = (ϕ(t),T) ∈ PC × I if and only if for any  >  there exists n >  such that
ρ(T ,Tn) < ,
∥∥ϕn(t) – ϕ(t)∥∥ < 
hold uniformly for n≥ n and t ∈R \ F(s(Tn ∪ T)).
Deﬁnition . ([]) The function φ ∈ PC is said to be an almost periodic piecewise con-
tinuous function with points of discontinuity of the ﬁrst kind from the set T if for every
sequence of real numbers {α′m} there exists a subsequence {αn} such that θαnφ is compact
in PC × I.
Lemma . ([]) Let {tk} ∈ I. Then there exists a positive integer A such that on each
interval of length , we have no more than A elements of the sequence {tk}, i.e.,
i(s, t)≤ A(t – s) +A,
where i(s, t) is the number of the points tk in the interval (s, t).
Lemma . Let {tk} ∈ I. Then
i(s, t)≥ t – s
θ
– ,
where i(s, t) is the number of the points tk in the interval (s, t).
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Proof The proof of this lemma is easy and we omit it. This completes the proof. 
3 Uniform persistence
In this section, we establish a uniform persistence result for system (.).
Lemma . ([]) Assume that x ∈ PC(R) with points of discontinuity at t = tk and is left
continuous at t = tk for k ∈ Z+, and{
x˙(t)≤ f (t,x(t)), t = tk ,
x(t+k )≤ Ik(x(tk)), k ∈ Z+,
(.)
where f ∈ C(R×R,R), Ik ∈ C(R,R) and Ik(x) is nondecreasing in x for k ∈ Z+. Let u∗(t) be
the maximal solution of the scalar impulsive diﬀerential equation
⎧⎪⎨
⎪⎩
u˙(t) = f (t,u(t)), t = tk ,
u(t+k ) = Ik(u(tk))≥ , k ∈ Z+,
u(t+ ) = u
(.)
existing on [t,∞). Then x(t+ )≤ u implies x(t)≤ u∗(t) for t ≥ t.
Remark . If the inequalities (.) in Lemma . is reversed and u∗(t) is the minimal
solution of system (.) existing on [t,∞), then x(t+ )≥ u implies x(t)≥ u∗(t) for t ≥ t.
Lemma . Assume that aθ > ξ l , b > , hk > –, and x(t) >  is a solution of the following
impulsive logistic equation:
{
x˙(t) = x(t)[a – bx(t)], t = tk ,





ξ l (aθ – ξ l)
bθ ,
where ξ l := ln infk∈Z +hk .
Proof Let u = x , then system (.) changes to{
du(t)
dt = –au(t) + b, t = tk ,
u(t+k ) =
u(tk )
+hk , k ∈ Z.
Similar to the proof in [], we can obtain from Lemma .
u(t) = W (t, )u() + b
∫ t

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W (t, s) =
{












]– ≤ eξ l (aθ – ξ l)bθ .
This completes the proof. 
Lemma . Assume that a > ξuA, b > , hk > – and x(t) >  is a solution of the following
impulsive logistic equation:
{
x˙(t) = x(t)[a – bx(t)], t = tk ,






where A is deﬁned as that in Lemma ., ξu := ln supk∈Z +hk .
Proof Let u = x , then system (.) changes to
{
du(t)
dt = –au(t) + b, t = tk ,
u(t+k ) =
u(tk )
+hk , k ∈ Z.
Similar to the proof as that in (.), we can obtain from Lemma .
u(t) = W (t, )u() + b
∫ t






























= eξuAe–(a–ξuA)tu() + be
ξuA[ – e–(a–ξuA)t]
a – ξuA ,




t→+∞x(t) = lim inft→+∞
[
u(t)
]– ≥ a – ξuAbeξuA .
This completes the proof. 
Lemma . Assume that aθ > ξ l and for x(t) > , we have
{
x˙(t)≤ x(t)[a – bx(t) – bx(t – τ (t))], t = tk ,
x(tk)≤ hkx(tk), k ∈ Z, (.)
where
a > , b,b ≥ , b + b > .




ξ l (aθ – ξ l)
Bθ :=M,
where B = b + inft∈R b
∏
tk∈[t–τ (t),t)( + hk)
–e–aτ (t).
Proof From system (.), we have
{
x˙(t)≤ ax(t), t = tk ,




dt [x(t)e–at]≤ , t = tk ,
x(tk)≤ hkx(tk), k ∈ Z+. (.)
For some t ∈ [, +∞) and t = tk , k ∈ Z+, consider interval [t – τ (t), t). Assume that t < t <
· · · < tj are the impulse points in [t – τ (t), t). Integrating the ﬁrst inequality of system (.)
from t – τ (t) to t leads to
x(t)e–at ≤ x
(
t – τ (t)
)
e–a(t–τ (t)).





e–at ≤ ( + h)x(t)e–at ≤ ( + h)x
(
t – τ (t)
)
e–a(t–τ (t)).
Repeating the above process, integrating the ﬁrst inequality of system (.) from tj to t
leads to




t – τ (t)
)
e–a(t–τ (t)).





t – τ (t)
)≥ ∏
tk∈[t–τ (t),t)
( + hk)–e–aτ (t)x(t). (.)
Substituting (.) into system (.) leads to
{
x˙(t)≤ x(t)[a – Bx(t)], t = tk ,
x(tk)≤ hkx(tk), k ∈ Z.
Consider the auxiliary system
⎧⎪⎨
⎪⎩
z˙(t) = z(t)[a – Bz(t)], t = tk ,
z(t+k ) = ( + hk)z(tk), k ∈ Z,
z(+) = x(+).
(.)







ξ l (aθ – ξ l)
Bθ .
This completes the proof. 
Lemma . Assume that a > ξuA, for x(t) >  and lim supt→+∞ x(t)≤M, we have{




a > K + ξuA, b,b ≥ , b := b + b > , k ∈ Z.











( + hk)–e–[a–bM]τ (t).
Proof According to the assumption, for ∀ > , there exists T >  such that
x(t)≤M +  for t ≥ T.
From system (.), we have
{
x˙(t)≥ [a – b(M + )]x(t) := Lx(t), t = tk , t ≥ T,
x(tk) = hkx(tk) + dk , k ∈ Z,





dt [x(t)e–L t]≥ , t = tk , t ≥ T,
x(tk) = hkx(tk) + dk , k ∈ Z. (.)
Similar to the arguments in (.), we obtain
x
(
t – τ (t)
)≤ ∏
tk∈[t–τ (t),t)
( + hk)–e–L τ (t)x(t). (.)
Let





( + hk)–e–[a–b(M+)]τ (t).
Substituting (.) into system (.) leads to
{
x˙(t)≥ x(t)[a –Dx(t)], t = tk , t ≥ T,
x(tk) = hkx(tk), k ∈ Z.
Consider the auxiliary system
⎧⎪⎨
⎪⎩
z˙(t) = z(t)[a –Dz(t)], t = tk , t ≥ T,
z(t+k ) = ( + hk)z(tk), k ∈ Z,
z(T+ ) = x(T+ ).
(.)
By Remark ., x(t) ≥ z(t), where z(t) is the solution of system (.). By Lemma ., we
have from (.)
lim inf
t→+∞x(t)≥ lim inft→+∞ z(t)≥
a – ξuA
DeξuA .




rui , al := min≤i≤n a
l
i, huk := max≤i≤n hik , k ∈ Z,

















eξ ln+ (ruy θ – ξ ln+)
Bn+θ
,
if the following condition holds:
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(H) ruθ > ξ l , ruy θ > ξ ln+, j = , , . . . ,n,







Proof Deﬁne V (t) =max{x(t),x(t), . . . ,xn(t)} for t ≥ . For any t ≥  and t = tk , k ∈ Z,
there must exist i ∈ {, , . . . ,n} and δ > t small enough such that V (t) = xi(t) and xj(s)≤
xi(s) for ∀s ∈ [t, δ), j = i, i, j ∈ {, , . . . ,n}. Calculating the upper right derivative of V (t)








)≤ xi(t)[rui – alixi(t)]≤ V (t)[ru – alV (t)].
By the arbitrariness of t, we have
D+V (t)≤ V (t)[ru – alV (t)], ∀t = tk ,k ∈ Z. (.)
Observe that xi(t+k ) = ( + hik)xi(tk) and  + hik > , k ∈ Z. For arbitrary impulse point tk ,













V (tk), k ∈ Z. (.)





V (t)≤Mi, i = , , . . . ,n.
For any positive constant  > , there exists T >  such that
xi(t)≤Mi +  for t ≥ T, i = , , . . . ,n.
In view of system (.), it follows that
{
y˙(t)≤ y(t)[ f u(M+)+αl(M+) – a
l
n+y(t) – bln+y(t – τn+(t))], t = tk ,
y(tk) = hn+,ky(tk), k ∈ Z,




This completes the proof. 
Deﬁne




, i = , , . . . ,n,n + .
Proposition . Assume that the following condition (H) holds:






ku (s) dsM – cuMn+ ≥ ξu A,
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kui (s) dsMi ≥ ξui A, i = , . . . ,n,






kun+(s) dsMn+ ≥ ξun+A,
then every solution x(t) = (x(t),x(t), . . . ,xn(t), y(t))T of system (.) satisﬁes
lim inf
t→+∞xi(t)≥Ni :=






















i )Mi]τi(t), i = , , . . . ,n + .
Proof For ∀ > , there exists T >  such that
xi(t)≤Mi + , y(t)≤Mn+ +  for t ≥ T, i = , , . . . ,n.










 (s) ds(M + ) – cu(Mn+ + )],
x˙i(t)≥ xi(t)[rli –
∑n





i (s) ds(Mi + )], i = , , . . . ,n, t = tk ,
xi(tk) = hikxi(tk), k ∈ Z.
By Lemma . and the arbitrariness of , we have
lim inf
t→+∞xi(t)≥Ni, i = , , . . . ,n.
Then for ∀ > , there exists T >  such that
x(t)≥N – , y(t)≤Mn+ +  for t ≥ T.
From system (.), for t ≥ T, we have
⎧⎪⎨
⎪⎩





n+(s) ds(Mn+ + )], t = tk ,
y(tk) = hn+,ky(tk), k ∈ Z.
By Lemma . and the arbitrariness of , we have
lim inf
t→+∞ y(t)≥Nn+.
This completes the proof. 
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Remark . When hik (i = , , . . . ,n + ,k ∈ Z) ≡  in system (.), then Propositions .
and . improve the corresponding results in []. So Propositions . and . extend and
improve the corresponding results in [].
Remark . In view of Propositions . and ., the distance θ between impulse points,
the values of impulse coeﬃcients hik (i = , , . . . ,n + , k ∈ Z) and the number A of the
impulse points in each interval of length  have negative eﬀect on the uniform persistence
of system (.).
By Propositions . and ., we have:
Theorem . Assume that (H)-(H) hold, then system (.) is uniformly persistent.
Remark . Theorem . gives the suﬃcient conditions for the uniform persistence of
system (.). Therefore, Theorem . provides a possible method to study the perma-
nence of the models with almost periodic impulsive perturbations in biological popula-
tions.
4 Global asymptotical stability
The main result of this section concerns the global asymptotical stability of positive solu-
tion of system (.).
Theorem . Assume that (H)-(H) hold. Suppose further that










k(t – s, s) ds









































where δ–j is an inverse function of τj, i = , . . . ,n, j = , , . . . ,n + .
Then system (.) is globally asymptotically stable.
Proof Suppose thatX(t) = (x(t), . . . ,xn(t), y(t))T andX∗(t) = (x∗ (t), . . . ,x∗n(t), y∗(t))T are any
two solutions of system (.).
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By Theorem . and (H), for  >  small enough, there exist T >  and >  such that










k(t – s, s) ds




































kn+(t – s, s) ds
– c(t)[ + α(t)(N – )]
]
>,
where i = , , . . . ,n.
Construct a Lyapunov functional as follows:













 – τ˙i(δ–i (s))















ki(l – s, s)






kn+(l – s, s)
∣∣y(l) – y∗(l)∣∣dlds.
For t = tk , k ∈ Z, calculating the upper right derivative of V(t) along the solution of
































∣∣xi(t) – x∗i (t)∣∣ + bi(t)∣∣xi(t – τi(t)) – x∗i (t – τi(t))∣∣





























x(t) – x∗ (t)
)[
– c(t)y(t) + α(t)x(t)
+ c(t)y
∗(t)
 + α(t)x∗ (t)
]
+ λn+
∣∣∣∣ f (t)x(t) + α(t)x(t) –
f (t)x∗ (t)
 + α(t)x∗ (t)
∣∣∣∣
– λn+an+(t)



































∣∣xi(t) – x∗i (t)∣∣
+ α(t)c(t)(Mn+ + )[ + α(t)(N – )]
∣∣x(t) – x∗ (t)∣∣ + c(t)[ + α(t)(N – )]
∣∣y(t) – y∗(t)∣∣
+ λn+f (t)[ + α(t)(N – )]
∣∣x(t) – x∗ (t)∣∣
– λn+an+(t)





∣∣y(t + s) – y∗(t + s)∣∣ds. (.)
Here we use the following inequality which has been proved in []:
sgn
(

















 – τ˙i(δ–i (t))






∣∣xi(t – τi(t)) – x∗i (t – τi(t))∣∣
– λn+bn+(t)







ki(t – s, s)
∣∣xi(t) – x∗i (t)∣∣ds



















∣∣y(t + s) – y∗(t + s)∣∣ds. (.)
From (.)-(.), one has








k(t – s, s) ds






– λn+f (t)[ + α(t)(N – )]

















– λn+f (t)[ + α(t)(N – )]









kn+(t – s, s) ds





∣∣xi(t) – x∗i (t)∣∣ + ∣∣y(t) – y∗(t)∣∣
]
. (.)


























∣∣∣∣ln ( + hik)xi(tk) + dik( + hik)x∗i (tk) + dik
∣∣∣∣
+ λn+
∣∣∣∣ln ( + hn+,k)y(tk) + dn+,k( + hn+,k)y∗(tk) + dn+,k
∣∣∣∣ +V(tk) +V(tk)
= V(tk) +V(tk) +V(tk)
= V (tk).






∣∣xi(s) – x∗i (s)∣∣ + ∣∣y(s) – y∗(s)∣∣
]
ds≤ V (T) < +∞, ∀t ≥ T,













∣∣xi(s) – x∗i (s)∣∣ = , lims→+∞∣∣y(s) – y∗(s)∣∣ = , i = , , . . . ,n.
Thus, system (.) is globally asymptotically stable. This completes the proof. 
Remark . Theorem . gives a suﬃcient condition for the global asymptotical stabil-
ity of system (.). Therefore, Theorem . extends the corresponding result in [] and
provides a possible method to study the global asymptotical stability of the models with
impulsive perturbations in biological populations.
5 Almost periodic solution
In this section, we investigate the existence and uniqueness of a globally asymptotically
stable positive almost periodic solution of system (.) by using almost periodic functional
hull theory of impulsive diﬀerential equations.
Let {sn} be any integer valued sequence such that sn → ∞ as n → ∞. Taking a sub-
sequence if necessary, we have ri(t + sn) → r∗i (t), ai(t + sn) → a∗i (t), bi(t + sn) → b∗i (t),
c(t + sn)→ c∗(t), f (t + sn)→ f ∗(t), α(t + sn)→ α∗(t), Dij(t + sn)→D∗ij(t), τi(t + sn)→ τ ∗i (t),
ki(t + sn) → k∗i (t, s), as n → ∞ for t ∈ R, s ∈ (–∞, ], i = , , . . . ,n + , j = , , . . . ,n. From
Lemma . it follows that the set of sequences {tk – sn}, k ∈ Z is convergent to the sequence
{tsk} uniformly with respect to k ∈ Z as n→ ∞.
By {kni} we denote the sequence of integers such that the subsequence {tkni } is conver-
gent to the sequence {tsk} uniformly with respect to k ∈ Z as i→ ∞.
From the almost periodicity of {hik}, it follows that there exists a subsequence of the se-
quence {kni} such that the sequences {hikni } are convergent uniformly to the limits denoted
by hsik , i = , , . . . ,n + .
Then we get hull equations of system (.) as follows:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩















i (t, s)xi(t + s) ds] +
∑n
j=D∗ji(t)[xj(t) – xi(t)], i = , , . . . ,n,









n+(t, s)y(t + s) ds], t = tsk ,
xj(tsk) = hsjkxj(tsk), j = , , . . . ,n,
y(tsk) = hsn+,ky(tsk), k ∈ Z.
(.)
By the almost periodic theory, we can conclude that if system (.) satisﬁes (H)-(H), then
the hull equations (.) of system (.) also satisfy (H)-(H).
By Lemma . in [], we can easily obtain the lemma as follows.
Lemma. If each hull equation of system (.) has a unique strictly positive solution, then
system (.) has a unique strictly positive almost periodic solution.
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By using Lemma ., we obtain the following result.
Lemma . If system (.) satisﬁes (H)-(H), then system (.) admits a unique strictly
positive almost periodic solution.
Proof By Lemma ., in order to prove the existence of a unique strictly positive almost
periodic solution of system (.), we only need to prove that each hull equation of system
(.) has a unique strictly positive solution.
Firstly, we prove the existence of a strictly positive solution of any hull equations (.).
According to the almost periodic hull theory of impulsive diﬀerential equations (see []),
there exists a time sequence {sn} with sn → ∞ as n → +∞ such that ri(t + sn) → r∗i (t),
ai(t + sn) → a∗i (t), bi(t + sn) → b∗i (t), c(t + sn) → c∗(t), f (t + sn) → f ∗(t), α(t + sn) → α∗(t),
Dij(t + sn) → D∗ij(t), τi(t + sn) → τ ∗i (t), ki(t + sn) → k∗i (t, s), as n → ∞ for t ∈ R, t = tk ,
k ∈ Z, s ∈ (–∞, ], i = , , . . . ,n + , j = , , . . . ,n. There exists a subsequence {kn} of
{n}, kn → +∞, n → +∞ such that tkn → tsk , hikn → hsik , i = , , . . . ,n + . Suppose x(t) =
(x(t),x(t), . . . ,xn(t), y(t))T is any positive solution of hull equations (.). By the proof of
Theorem ., for ∀ > , there exists T >  such that
Ni –  ≤ xi(t)≤Mi + ,
Nn+ –  ≤ y(t)≤Mn+ + , t ≥ T, i = , , . . . ,n.
(.)
Let xn(t) = x(t + sn) for all t ≥ –sn + T, n = , , . . . , such that
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩










i=D∗i(t + sn)[xi(t) – x(t)],





i (t + sn, s)xi(t + s) ds]
+
∑n
j=D∗ji(t + sn)[xj(t) – xi(t)], i = , , . . . ,n,










n+(t + sn, s)y(t + s) ds], t = tsk ,
xj(tsk) = hsjkxj(tsk), j = , , . . . ,n,
y(tsk) = hsn+,ky(tsk), k ∈ Z.
(.)
From the inequality (.), there exists a positive constant K which is independent of n
such that |x˙n| ≤ K for all t ≥ –sn + T, n = , , . . . . Therefore, for any positive integer
r sequence {xn(t) : n ≥ r} is uniformly bounded and equicontinuous on [–sn + T,∞).
According to Ascoli-Arzela theorem, one can conclude that there exists a subsequence
{sm} of {sn} such that sequence {xm(t)} not only converges on t on R, but it also con-
verges uniformly on any compact set of R as m → +∞. Suppose limm→+∞ xm(t) = x∗(t) =
(x∗ (t),x∗(t), . . . ,x∗n(t), y(t))T , then we have
Ni –  ≤ xi(t)≤Mi + ,
Nn+ –  ≤ y(t)≤Mn+ + , t ∈R, i = , , . . . ,n.
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From diﬀerential equations (.) and the arbitrariness of , we can easily see that x∗(t)
is the solution of the hull equations (.) and Ni ≤ x∗i (t) ≤ Mi for all t ∈ R, i = , , . . . ,n.
Hence each hull equation of the almost periodic system (.) has at least a strictly positive
solution.
Now we prove the uniqueness of the strictly positive solution of each hull equations
(.). Suppose that the hull equations (.) have two arbitrary strictly positive solutions
x(t) = (x(t),x(t), . . . ,xn(t), y(t))T and x∗(t) = (x∗ (t),x∗(t), . . . ,x∗n(t), y∗(t))T , which satisfy
Ni –  ≤ xi(t),x∗i (t)≤Mi + ,
Nn+ –  ≤ y(t), y∗(t)≤Mn+ + , t ∈R, i = , , . . . ,n.
Similar to Theorem ., we deﬁne a Lyapunov functional
V ∗(t) = V ∗ (t) +V ∗ (t) +V ∗ (t), ∀t ∈R,
where




∣∣lnxi(t) – lnx∗i (t)∣∣ + λn+∣∣ln y(t) – ln y∗(t)∣∣,






 – τ˙ ∗i(δ∗–i (s))





 – τ˙ ∗n+(δ∗–n+(s))
∣∣y(s) – y∗(s)∣∣ds,








k∗i (l – s, s)






k∗n+(l – s, s)
∣∣y(l) – y∗(l)∣∣dlds,





∣∣xi(t) – x∗i (t)∣∣ + ∣∣y(t) – y∗(t)∣∣
]
, ∀t ∈R.






∣∣xi(s) – x∗i (s)∣∣ + ∣∣y(s) – y∗(s)∣∣
]
ds≤ V ∗(t) –V (), ∀t ≤ .





∣∣xi(s) – x∗i (s)∣∣ + ∣∣y(s) – y∗(s)∣∣
]
ds <∞,







∣∣xi(s) – x∗i (s)∣∣ = lims→–∞∣∣y(s) – y∗(s)∣∣ = , i = , , . . . ,n.
For arbitrary  > , there exists a positive constant L such that
max













 – supt∈R τ˙i(t)







(–s)kui (s) ds, ∀t < –L,
which imply that there exists a positive constant ρ such that





Note that V ∗(t) is a nonincreasing function on R, and then V ∗(t)≡ . That is,
xi(t) = x∗i (t), y(t) = y∗(t), ∀t ∈R, i = , , . . . ,n.
Therefore, each hull equation of system (.) has a unique strictly positive solution.
In view of the above discussion, any hull equation of system (.) has a unique strictly
positive solution. By Lemma ., system (.) has a unique strictly positive almost periodic
solution. The proof is completed. 
By Theorem . and Lemma ., we obtain the following.
Theorem . Suppose that (H)-(H) hold, then system (.) admits a unique strictly pos-
itive almost periodic solution, which is globally asymptotically stable.
Remark . Theorem . gives suﬃcient condition for the global asymptotical stability of
a unique positive almost periodic solution of system (.). Therefore, Theorem . extends
the corresponding result in [] and provides a possible method to study the existence,
uniqueness, and stability of positive almost periodic solution of themodels with impulsive
perturbations in biological populations.
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6 An example and numerical simulations




x˙(t) = x(t)[ – ( + sin(
√
t))x(t) – .x(t – ) – .y(t)+x(t) ]
+ .[x(t) – x(t)],
x˙(t) = x(t)[ + cos(
√
t) – x(t) –
∫ 




y˙(t) = y(t)[–.| cos(√t)| + x(t)+x(t) – y(t)], t = tk ,
xi(tk) = –.xi(tk), i = , ,
y(tk) = –.y(tk), {tk : k ∈ Z} ⊂ {k : k ∈ Z}.
(.)
Then system (.) is uniformly persistent and has a unique globally asymptotically stable
almost periodic solution.
Proof Corresponding to system (.), we have ruθ – ξ l =  – . >  and ruy θ – ξ l = .×
 – . > . Then (H) in Proposition . holds. By calculation, we obtainM =M ≈ .,
M ≈ .. Further, p =  – . – .× .≥ . = ξu A, N ≈ ., p =  – . – .×
.≥ . = ξuA, p = –. + ×.+. ≥ . = ξuA, which imply that (H) in Proposition .
holds. Obviously, (H)-(H) in Theorem . hold and system (.) is uniformly persistent
(see Figure ).










k(t – s, s) ds






– λn+f (t) + α(t)N
]




 + . > ,
Figure 1 Uniform persistence and almost periodic oscillation of system (6.1).
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Figure 2 Global asymptotical stability of state variable x1 of system (6.1).















– λn+f (t) + α(t)N
]
≥  –  – . – .. –
.














≥ . –  –  – . + . > .
Hence (H) in Theorem . is satisﬁed. By Theorem ., system (.) has a unique glob-
ally asymptotically stable almost periodic solution (see Figures -). This completes the
proof. 
7 Conclusion
By applying the comparison theorem, the Lyapunov functional, and almost periodic func-
tional hull theorem of the impulsive diﬀerential equations, this paper gives some new suf-
ﬁcient conditions for the uniform persistence, global asymptotical stability, and almost
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Figure 4 Global asymptotical stability of state variable y of system (6.1).
periodic solution to a nonautonomous dispersal competition system with impulsive ef-
fects. Theorem . and Theorem . indicate that the distance θ between impulse points,
the values of the impulse coeﬃcients hik (i = , , . . . ,n, k ∈ Z), and the number A of the
impulse points in each interval of length  are harmful for the uniform persistence and ex-
istence of a unique globally asymptotically stable positive almost periodic solution for the
model. The main results obtained in this paper are completely new and the method used
in this paper provides a possible method to study the uniform persistence and existence
of a unique globally asymptotically stable positive almost periodic solution of the models
with impulsive perturbations in biological populations.
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